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Abstract
Withdrawing a plate from a suspension leads to the entrainment of a coating layer of fluid and particles on the
solid surface. In this article, we study the Landau-Levich problem in the case of a suspension of non-Brownian
particles at moderate volume fraction 10% < φ < 41%. We observe different regimes depending on the withdrawal
velocity U , the volume fraction of the suspension φ, and the diameter of the particles 2 a. Our results exhibit
three coating regimes. (i) At small enough capillary number Ca, no particles are entrained, and only a liquid film
coats the plate. (ii) At large capillary number, we observe that the thickness of the entrained film of suspension
is captured by the Landau-Levich law using the effective viscosity of the suspension η(φ). (iii) At intermediate
capillary numbers, the situation becomes more complicated with a heterogeneous coating on the substrate. We
rationalize our experimental findings by providing the domain of existence of these three regimes as a function of
the fluid and particles properties.
1 Introduction
The deposition of a liquid film on a surface due to the
withdrawal of a substrate from a liquid bath is a standard
process in everyday life and industrial applications.[1, 2,
3, 4] Coating processes are now extensively used for in-
dustrial purposes: coating of wires, optical components,
or fibers. In such situations, the control of the coating
thickness is an important parameter. Current technolog-
ical challenges require the development of new coatings
with different fluids or substrates to improve materials
performance. Because of these numerous applications,
the dip coating process has been extensively studied in
various geometries such as plates, fibers or tubes and
with different fluids.[3, 5]
The prediction of the coating thickness for a plate
withdrawn from a bath of Newtonian fluid has first been
proposed in 1942 by Landau and Levich[6] and then
Derjaguin.[7] Their seminal work considered a solid sur-
face withdrawn from a liquid reservoir of Newtonian fluid
at velocity U , leading to the coating of the surface by a
thin film. In this situation, the thickness of the liquid
film depends on the withdrawal velocity U , the viscosity
of the liquid η, and the capillary length ℓc =
√
γ/(ρ g),
where γ and ρ are the surface tension and the density of
the fluid, respectively, and g is the standard gravity. In-
deed, the thickness of the coated film is set by a balance
between the surface tension force, the viscous force, and
gravity. The entrainment regime depends on the capil-
lary number Ca = η U/γ, which describes the ratio of the
viscous to the capillary effects. In the limit of small cap-
illary number, typically Ca < 10−2, the thickness of the
liquid film is described by balancing the viscous and sur-
face tension forces only. Various studies have shown that,
on a flat plate, and for a Newtonian fluid, the film thick-
ness is then equal to h ≃ 0.94 ℓcCa
2/3. At larger capil-
lary number, when gravity dominates the surface tension
effects, the film thickness becomes h ∼ ℓcCa
1/2. Besides,
in this regime, gravitational drainage occurs, which ex-
plains why the film does not have a constant thickness
along the substrate. The entrainment of a liquid film of
Newtonian fluid has been extensively studied to describe
the flow properties[8] as well as the shape of the static
and dynamic menisci.[9]
The fluid dynamics associated with the withdrawal of
a solid object from a liquid bath is a very active ex-
perimental and theoretical research topic, mainly be-
cause of the great diversity of fluids and substrates that
can be used. Recent studies have highlighted how the
thickness of the liquid film depends on several factors:
the withdrawal speed, properties of the substrate, such
as its roughness,[10, 11] and properties of the fluid.
For example, the dip coating in non-Newtonian fluids
with different rheologies has been considered by various
authors.[12, 13, 14, 15] Different studies have also ex-
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amined the influence of surfactant on the film thickness
and have shown that a thinning factor α must be in-
cluded to take into account the modification induced by
the presence of the surfactant.[16, 17, 10, 18, 19] In sum-
mary, much of the previous work has considered the de-
position of Newtonian or non-Newtonian homogeneous
fluids. The situation becomes more complicated with
suspensions, as solid particles are dispersed in the liquid
phase.[20]
Suspensions of particles are of primary interest as they
are found in a large number of familiar products from
food to personal care, as well as in industrial and geo-
physical materials. Besides, suspensions are involved in
numerous industrial processes including the dispensing
of liquid, the coating of surfaces [21, 22, 23] or the clean-
ing of substrates.[24] Owing to the number of applica-
tions that involve the flow and transport of suspensions,
the properties of those complex fluids have received con-
siderable attention in the past.[20] Hence, suspensions
and particle-laden flows have led to numerous studies to
describe suspension rheology,[25, 26, 27] inertial suspen-
sion flow in pipes,[28, 29, 30, 31] shear-induced migration
of particles,[32, 33, 34] imbibition of suspension,[35] or
the clogging in confined flows.[36, 37, 38, 39, 40] How-
ever, most of these studies have considered bulk flows of
suspension, that are well described by constitutive rheo-
logical measurements.[26, 27] Yet, this approach cannot
capture the complexity of the suspension entrainment
observed during a dip coating process. In this situation,
the thickness of the liquid film can become comparable
to the particle size and the displacement of a particle
will be controlled by the drag force exerted by the fluid
and the capillary force due to the air/liquid interface
deformation.[41, 42]
Capillary effects are important when interfaces con-
fine particles.[43] Recent studies have shown the influ-
ence of particles on the detachment of droplets from a
jet of suspension,[44, 45, 46] which has important in-
dustrial applications, including printing. This canonical
situation consists of a viscous fluid that is extruded from
a nozzle and eventually generates a droplet. In a pure
liquid, i.e., without particles, the filament becomes thin-
ner until the pinch-off of the droplet owing to interfa-
cial tension effects. Various studies have then considered
the detachment of a drop of suspension and have shown
that the effective viscosity can describe the early pinch-
off dynamics. [44, 47] However, at later stages, when the
thickness of the liquid thread is of the same order of mag-
nitude as the particles, their presence becomes essential
for the detachment of the drop. Typically, the detach-
ment becomes accelerated and depends on the volume
fraction and size of the particles.[44, 45, 48] Even a small
amount of particles, trapped in the liquid filament can
modify the detachment dynamics of the droplet signifi-
cantly. This unique situation cannot be explained with a
classical Newtonian fluid description or conventional rhe-
ology of diluted suspensions as the presence of particles
locally perturbs the thinning of the filament.
The combination of thin film flows and non-Brownian
particles has received little attention, and previous work
remains mainly qualitative. For instance, the experimen-
tal work of Buchanan et al. reported patterns deposited
from the runoff of bidisperse colloidal suspensions.[49]
Understanding how non-Brownian suspensions flow in
thin films is particularly important for dip coating pro-
cesses when the liquid film entrained by the substrate
has a thickness comparable to the particle diameter.[50]
As a result, the capillary and drag forces exerted on the
particles are comparable.[51] During the dip coating pro-
cess, the speed of the substrate withdrawal determines
the thickness of the coated film, with faster withdrawals
being associated with thicker coating films. When the
coating fluid contains particles, the 2D numerical study
of Colosqui et al. shows that the withdrawal speed influ-
ences the entrainment of particles.[41] The numerical lim-
itations only allowed to investigate a 2D situation with
a limited number of particles. However, in practical ap-
plications, suspensions contain a significant amount of
spherical particles, with a three-dimensional shape. The
characterization of dip coating for a suspension made of
non-Brownian and neutrally buoyant particles remains
poor. Yet, understanding the regimes of dip coating of
suspensions is critical to avoid its negative effects on coat-
ing applications, including local variations of the film
thickness and introduction of asperities.
In this paper, we consider the withdrawal of a smooth
glass plate from a liquid bath of non-Brownian suspen-
sion. We measure the average thickness of the liquid film
deposited on the plate using a gravimetry method. We
characterize the three regimes encountered: (i) no par-
ticle entrainment at small capillary number leading to a
coating of interstitial fluid alone, (ii) an heterogeneous
state at moderate capillary number, in which the liquid
film is thinner than the particle size and finally (iii) a
coating layer of suspension, whose thickness can be de-
scribed using the effective viscosity of the suspension.
Here, we investigate the influence of the fluid properties
and the particle size on the coating regime. We then ra-
tionalize our findings with the Landau-Levich law using
the effective viscosity of the suspension to predict the
film thickness. We also define the domain of existence of
the three regimes.
2 Experimental methods
2.1 Experimental setup
Model suspensions of non-Brownian particles are pre-
pared using different high density silicone oils : AP 100,
AR 200 and AP 1000 (purchased from Sigma Aldrich)
of respective dynamic viscosity ηAP100 = 0.106Pa.s,
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Figure 1: Schematic of the dip coating experimental
setup. (a) Front view showing the experimental setup
and (b) side view of a zoom near the meniscus.
ηAR200 = 0.204Pa.s and ηAP1000 = 1.088Pa.s at
25oC, with respective density ρAP100 = 1058 kg.m
−3,
ρAR200 = 1042 kg.m
−3 and ρAP1000 = 1082 kg.m
−3
and of surface tension γ = 21 ± 1mN.m−1. The par-
ticles are polystyrene (PS) particles of radius: a =
[20, 40, 70, 125]µm and average density of ρp = 1056±
3 kg.m−3 (Dynoseeds from Microbeads). The PS parti-
cles are dispersed in the silicone oil AP 100 using a me-
chanical stirrer (Badger Air-Brush Paint Mixer) leading
to a homogeneous dispersion of particles. The silicone
oils used ensure that the particles are perfectly wetted
by the liquid. The size of the particles is sufficiently
large for both colloidal forces and Brownian motion to be
negligible.[26, 27] The suspensions are neutrally buoyant
over the timescale of our experiments. The volume frac-
tion of particles, i.e., the ratio of the volume of particles
Vp to the total volume Vtot = Vp + Vf (where Vf is the
volume of fluid), is denoted φ = Vp/Vtot ∈ [10, 41]%. In
each experiment, the suspension is prepared by mixing
the particles and the liquid at the desired volume frac-
tion φ. We use pure silicone oils AR 200 and AP 1000 for
comparison, as their viscosities approximately match the
effective viscosity of the suspensions of volume fraction
φ = 18% and φ = 41%.
The experiments consist of withdrawing a glass plate
(width: w = 10 cm, height: H = 20 cm, thickness :
e = 2 mm) from a container (width: 11 cm, height: 15
cm, thickness : 4 mm) filled with the suspension at a
constant speed U [Fig. 1(a)]. A high-precision stepper
motor (Zaber) is controlled by computer and moves at
speeds up to 2.4 cm s−1 with a ±2% precision on the
speed used. The glass plate is attached to a fixed support
in the laboratory frame of reference while the stepper
motor translates the container. The width of the glass
plate is much larger than the thickness of the coated
layer (smaller than 1 mm), validating the assumption of
a 2D flow. The dip coating dynamics is recorded with
a digital camera (Nikon D7100) and a 200 mm macro
objective. Using silicone oil as the interstitial fluid, we
did not notice any instabilities of the liquid film during
the withdrawal of the glass plate from the liquid bath.
2.2 Measurement of the average liquid
thickness
Because we cannot visualize through particles, we use the
gravimetry method as previously successfully performed
by various authors.[10, 52, 53] The volume of suspension
removed from the container during a withdrawal can be
obtained from the difference of mass measured by a scale
δm and the fluid density ρ, with V = δm/ρ. Because
of the presence of particles, the thickness of the suspen-
sion film can be non-uniform, and we report the average
thickness deduced from the volume of fluid withdrawn
and the coated area A : h = V/A. The suspension is
neutrally buoyant, i.e., the density of the particles and
the fluid is the same, which allow using this method to
determine the liquid thickness. Both sides of the plate
are coated as illustrated in Fig. 1(b), which is taken into
account in the total area.
The main drawback of this method is the presence of
a lower edge effect. Indeed, when the plate exits the liq-
uid bath, a film is created between the bottom of the
plate and the liquid bath, which will eventually break.
This effect induces an additional mass on the lower edge
of the plate and compromises the accuracy of the mea-
surements. Thus, similarly to Ouriemi et al.,[53] we per-
formed two withdrawal experiments with different dip-
ping lengths l2 > l1. Subtracting the masses obtained
with the two dipping lengths cancels out the volume of
fluid that remains attached to the bottom of the plate
after the withdrawal. The average thickness on the plate
h is then determined by the expression
h =
1
(l2 − l1) ρ p
(
δm2
N2
−
δm1
N1
)
(1)
where l2 > l1, m1 and m2 are the masses measured for
the two dipping lengths l1 and l2, respectively. N1 and
N2 are the numbers of withdrawals and p = 2 (w + e) is
the wetted perimeter.
2.3 Dip coating of Newtonian liquids
We first validate the experimental method by perform-
ing the classic dip coating experiments with particle-free
silicone oil. We measure the thickness of the liquid film,
and we determine the stability of the system.
We report the experimental data in the inset of Fig.
2 for the three silicone oils considered in this study: AP
100, AR 200, and AP 1000. As expected, the thick-
ness of the film entrained on the plate increases with the
withdrawal speed and viscosity. When a plate is with-
drawn from a bath of Newtonian fluid of viscosity η and
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Figure 2: Average thickness h entrained on the glass
plate withdrawn from the bath of silicone oil as a func-
tion of the capillary number Ca. The dotted line is the
Landau-Levich-Dejarguin (LLD) law (2). Inset: non-
rescaled data showing the thickness h of the liquid film
when increasing the withdrawal velocity U . In both fig-
ures, the symbols indicate the viscosity of the silicone oil:
ηAP100 (blue circles), ηAR200 (red squares) and ηAP1000
(green diamonds).
surface tension γ, the thickness of liquid deposited is a
power-law of the capillary number Ca = η U/γ. In the
viscous-capillary regime where the effects of gravity are
negligible, the thickness of the liquid layer h is uniform
along the plate and is given by the theoretical prediction
of Landau and Levich:[6, 52]
h = 0.94 ℓcCa
2/3 (2)
where ℓc =
√
γ/(ρ g) is the capillary length of the fluid.
We rescale our data accordingly for the three silicone
oils in Fig. 2. The typical uncertainties on the mea-
surements in the experiments are represented in this fig-
ure. The uncertainties depend on the mass of liquid en-
trained by the plate, thus on the liquid film thickness
only. In the following, we only plot the typical uncer-
tainties for one set of experiments. Here, the data for
the three Newtonian fluids without particles are in good
agreement with the Landau-Levich-Dejarguin (LLD) law
in the range Ca ∈ [10−4, 2 × 10−2]. In all situations, the
liquid film is thick enough for long-range forces to be neg-
ligible. At large capillary number, typically more than
10−2, the effects of gravity become important leading to
a viscous-gravity regime and a deviation from the LLD
law. We now consider the dip coating of a suspension
of non-Brownian and neutrally buoyant particles in the
silicone oil at a volume fraction φ.
3 Results: three coating regimes
3.1 Qualitative observations
We begin by characterizing the macroscopic structure of
the coating layer. Previous work has mostly been de-
voted to colloidal suspensions, whose liquid phase evap-
orates during the coating.[50] In this situation, experi-
ments highlight the presence of periodic horizontal as-
semblies of particles. The width and spacing of the
stripes depend on the withdrawal velocity U . More re-
cently, diluted suspensions of particles have been consid-
ered through numerical simulations.[41] The particles are
entrained in the liquid film forming clusters within the
meniscus or later in the liquid film. However, because of
the numerical cost, only a few particles have been con-
sidered in this study.
Here, we perform experiments using suspensions with
a volume fraction of φ ∈ [10, 41]%. No evaporation oc-
curs over the time scale of the experiments. We observe
qualitatively different coating regimes, as illustrated in
Fig. 3.
From a suspension of particles of diameter 2 a =
140µm and a volume fraction φ = 18%, the withdrawal
of a plate at low velocity U over a length of 60mm re-
sults in a coating film without particles. The thickness
of the liquid film is not sufficient to entrain the parti-
cles, which remain trapped in the meniscus. When the
withdrawal speed U increases, a few clusters of particles
may be observed on the glass plate but they do not form
a regular arrangement, and most of the plate remains
coated by liquid alone. This first regime is referred to as
liquid only.
Beyond a first threshold velocity, more particles are
entrained in the liquid film forming a regular pattern.
The particles tend to form clusters on the plate because
of the capillary attraction between them.[54, 55] The vol-
ume fraction of the suspension being moderate here, the
particle distribution is heterogeneous with regions where
clusters of particles are present and others only covered
by a liquid film. In this regime, the number of particles
entrained per surface area increases as the withdrawal
speed increases. For practical applications, such coating
is likely undesirable as it results in a surface with hetero-
geneous properties. We will refer to this regime as the
heterogeneous coating regime. Varying the volume frac-
tion of the suspension (here φ = 41%), we observe that
the particle concentration influences the threshold veloc-
ity between the liquid only regime and the heterogeneous
coating regime.
When the withdrawal velocity U further increases, a
second threshold value is reached, and a uniform coating
of particles and fluid is obtained. This coating can consist
of multiple layers of particles depending on the volume
fraction of the suspension φ. This regime is referred to
as the effective viscosity regime.
In summary, as illustrated in Fig. 3, we highlight three
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Figure 3: Pictures taken after the withdrawal of the plate from suspensions of concentration, φ = 18% and φ = 41%
of PS particles of diameter 2 a = 140µm dispersed in the Silicone oil AP 100. From left to right, the withdrawal
velocities are U = 24, 121, 484, 1453µm.s−1. Scale bar is 1000 µm and the color box indicates the different regimes:
liquid only (red), heterogeneous coating (blue) and multilayer of particles (green).
regimes, whose existence depends on the withdrawal ve-
locity U , the viscosity of the interstitial fluid η0, the size
of the particles 2 a and the volume fraction φ considered.
First, (i) at low withdrawal velocity U , only the liquid is
entrained on the plate, and the particles remain trapped
in the bath of suspension. This leads to a uniform coating
by the interstitial fluid only. Then, (ii) at a higher ve-
locity, a heterogeneous coating is observed with clusters
of particles randomly distributed on the plate. In this
regime, the number of particles per unit area increases
with the withdrawal velocity. Finally, (iii) at large with-
drawal velocity a uniform coating of particles, which can
be composed of several layers is obtained. To charac-
terize the particle-laden film thickness corresponding to
these different regimes, we rely on macroscopic measure-
ments. Indeed, it is challenging to get a local measure-
ment of the film thickness when both particles and fluid
form a heterogeneous coating because of the deformation
of the air/liquid interface and the presence of particles.
In the following, we use the gravimetry method presented
in the previous section to characterize the average thick-
ness of the deposited suspension film and identify the
domain of existence of the different coating regimes.
3.2 Average thickness of the liquid film
We measure the average thickness h of the coated layer
after the withdrawal of the plate in Fig. 4. Whereas for
the pure silicone oil, the average thickness increases in
a monotonic way with an exponent of about h ∝ U2/3,
the situation is more complex in presence of particles. In
the heterogeneous regime, we should emphasize that the
coating film is not flat. However, the average value of the
10-2 10-1 100
100
101
102
Figure 4: Examples of average thickness h of the coating
layer after the withdrawal of the plate when increasing
the withdrawal speed U for the silicone oil AR 200 (filled
black squares) and different suspensions of PS particles in
silicone oil AP 100: diameter 2 a = 20µm and a volume
fraction φ = 41% (blue circles), 2 a = 140µm and φ =
41% (magenta circles), 2 a = 140µm and φ = 18% (green
circles) and 2 a = 250µm, φ = 18% (red circles). The
typical uncertainties on the thickness are shown for the
silicone oil AR 200 (black squares) and are of the same
order of magnitude for all data sets.
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thickness is sufficient to define the domain of existence
of the three coating regimes.
Here, the evolution of h for the thin film of suspen-
sion does not follow the monotonic trend reported for
the pure silicone oil in Fig. 4. The evolution of the coat-
ing thickness h with the withdrawal velocity U depends
both on the size of the particles 2 a and the volume frac-
tion of the suspension φ. For a given particle size, the
average thickness of the liquid film h can remain nearly
constant over a range of withdrawal velocity, typically
around h ∼ 2 a. For example, a constant average thick-
ness of h ∼ 20 − 30µm is observed between 0.02 and
0.1mm.s−1 for particles of 20µm and h ∼ 100− 150µm
between 0.05 and 1mm.s−1 for the 140µm particles at
φ = 41%.
A sudden increase of the average thickness can also
be observed in our measurements, for instance at U ∼
0.6mm.s−1 for the 140µm particles at φ = 41%. This
sudden variation corresponds to the transition between
two coating regimes, for instance between the regime
where only the liquid is coating the plate to the entrain-
ment of particles in the heterogeneous regime. These
first results suggest that the regimes previously identi-
fied depend on the withdrawal velocity U , the particle
diameter 2 a and the volume fraction of the suspension
φ, and lead to different entrainment mechanisms.
3.3 Capillary number of the suspension
Since our experiments highlight that the average thick-
ness of the film h depends on the volume fraction φ,
we consider the suspension as a continuum fluid hav-
ing an effective viscosity η(φ). We can then define a
capillary number based on the viscosity of the suspen-
sion Caφ = η(φ)U/γ. As evidenced by Bonnoit et
al., the Zarraga model describes well the shear viscosity
of a suspension of non-Brownian and neutrally buoyant
polystyrene particles in the range of volume fraction con-
sidered here (φ ∈ [5%, 41%]).[45] We then estimate the
viscosity of the suspension using the relation:[26]
η(φ) = η0
exp (−2.34φ)
(1− φ/φm)
3
, (3)
where η0 is the viscosity of the interstitial fluid, here the
viscosity of the silicone oil AP 100, and φm = 0.62 de-
notes the maximum packing fraction. The values of the
shear viscosity obtain using this relation capture well our
experimental measurements of the viscosity. The modi-
fied capillary number based on the effective viscosity of
the suspension becomes
Caφ =
η0 U
γ
exp (−2.34φ)
(1− φ/φm)
3
. (4)
In Fig. 5, we report experimental results rescaled with
Caφ. For all suspensions considered, we observe that the
Figure 5: Examples of thickness of the coated layer h as
a function of the capillary number based on the effective
viscosity of the suspension Caφ. The color code is the
same as in Fig. 4. The solid line shows the LLD law
h = 0.94 ℓcCaφ
2/3. The insets show typical coating pat-
terns observed on the withdrawn plate for 2 a = 140µm
particles at (i)-(ii) φ = 18% and (iii) φ = 41% for differ-
ent values of Caφ. Scale bars are 1000 µm. The typical
uncertainties on the thickness are shown for the silicone
oil AR 200 (black squares) and are of the same order of
magnitude for all data sets.
average thickness h follows the LLD law using the effec-
tive viscosity of the suspension. This corresponds to the
effective viscosity regime (iii) for large enough capillary
number, i.e., large enough withdrawal velocity.
The size of the particles 2 a is found to influence when
the “effective LLD law” is recovered: for small particles,
the effective viscosity regime is obtained at a smaller cap-
illary number. Typically, the LLD regime is observed as
soon as the thickness of the coating films becomes equiv-
alent to the size of the particles, h ∼ 2 a. We also note
that the drainage of the suspension is limited compared
to that of a Newtonian fluid having an equivalent vis-
cosity. Indeed, the particles deform the liquid interface,
which generates an interfacial force keeping the particles
on the plate.
At small capillary number, in the liquid only regime,
our experiments show that no particles are entrained in
the coating film [Fig. 3]. The particles remain trapped
in the bath of suspension. At such low capillary number,
corresponding to small withdrawal velocity, the thickness
of the liquid film is much smaller than the particle size,
typically smaller than few tens of micrometers and no
particles are entrained. In this situation, the average
thickness of the coated layer follows the LLD scaling law.
Finally, between these two regimes, the situation is
more complicated with particles heterogeneously de-
posited on the plate. The liquid film between the par-
6
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Figure 6: Example of the evolution of the surface cov-
erage ϕS on the plate with the capillary number of the
suspension Caφ for 140µm particles at φ = 5% (blue
circles), φ = 18% (green diamonds) and φ = 41% (red
squares) dispersed in the AP 100 silicone oil.
ticles is thinner than their diameter. In this (ii) hetero-
geneous regime the average thickness h remains roughly
constant or increases only slightly over the intermediate
range of capillary number increasing sharply at the onset
of the (iii) effective viscosity regime.
3.4 Evolution of the surface density of
particles
In addition to the average thickness of the liquid film, we
measure the surface density of particles entrained on the
plate when increasing the capillary number Caφ. The
surface density of particles ϕS = Spart/Stot is defined as
the ratio of the particle covered area to the total area of
the plate. In Fig. 6, we report an example of this mea-
surement for a particle diameter of 140µm. The data
show that no particle is entrained on the plate at low
withdrawal velocity. This part of the figure corresponds
to the regime where only a liquid film is entrained on the
plate. Then, increasing the capillary number Caφ leads
to an increase of the surface density of particles ϕs. The
value of the surface density depends on the volume frac-
tion of the suspension. Beyond a given capillary number
the surface density of particles saturates at a given value,
which also depends on the volume fraction φ. A theo-
retical description of this evolution, which occurs in the
heterogeneous regime, is beyond the scope of the present
paper. Nevertheless, these results show that even if the
average thickness of the coating film remains almost con-
stant over the intermediate range of capillary number in
the regime (ii), the composition of the entrained film
varies with the capillary number.
Figure 7: Average thickness of the coating layer as a
function of the capillary number Caφ for varying size
of particles (green diamonds: 20 µm, blue circles: 40
µm, red squares: 80 µm, magenta circles: 140 µm) and
a volume fraction φ = 41.6% and the silicone oil AP
1000 (black squares). The typical uncertainties on the
experimental thickness are the same than in Fig. 5.
The solid line shows the LLD law h = 0.94 ℓcCaφ
2/3.
The vertical colored dashed lines show the transition be-
tween the intermediate and effective viscosity regimes
for the different diameters of particles considered. In-
set: capillary number at which the suspension starts to
follow the LLD law when using the effective viscosity of
the suspension Ca∗φ as a function of the Bond number
Bo = (a/ℓc)
2. The dash-dotted line is the theoretical
equation Ca = 3.1Bo3/4.
4 Discussion: transition between
the different regimes
The domains of existence of the different regimes depend
on the particle size a and the concentration of the sus-
pension φ. To estimate the order of magnitude of the
capillary numbers for which each regime is observed, we
consider both the transition between (1) the liquid film
only (i) and the heterogeneous coating regime (ii) and (2)
the heterogeneous coating regime (ii) and the effective
viscosity regime (iii). Each transition is characterized by
a threshold capillary number.
4.1 From (i) liquid films to (ii) heteroge-
neous films
To determine transition (1) between the liquid film only
and the heterogeneous coating regime, we calculate the
condition of entrainment of a particle in the liquid film.
We should emphasize that the presence of multiple par-
ticles, i.e., clusters will provide an additional force and
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will thus decrease the corresponding threshold capillary
number by increasing the drag force. Nevertheless, this
approach provides a first estimate of the threshold cap-
illary number. At very small capillary number, no par-
ticles are entrained in the liquid film. We thus assume
that the shape of the meniscus can be calculated from
a pure liquid, i.e., the situation without particles. Fol-
lowing Colosqui et al., we assume that a particle can be
entrained in a liquid film if the thickness of the film at
the stagnation point [S∗ in Fig. 1(a)] is larger than the
particle diameter [41]. At this point, the liquid film has
a thickness h∗, which leads to the following entrainment
condition h∗ > 2 a. The stagnation point is the position
where the speed of the interface vanishes and is related
to the thickness of the liquid film away from the menis-
cus through the relation h∗ = 3 h.[56] Hence, particle
entrainment corresponds to h > 2 a/3. Using the theo-
retical thickness of the pure liquid film h = 0.94 ℓcCa
2/3,
and defining the Bond number as Bo = (a/ℓc)
2
, the ex-
istence of the liquid only regime corresponds to
Ca < 0.6Bo3/4. (5)
This condition corresponds to the critical condition for
which the particles can assemble inside the meniscus,
suggested in Ref. [41].
For the particles of diameter 140 µm and the silicone
oil AP 100, this condition corresponds to capillary num-
bers smaller than 6 × 10−3. Experimentally, the tran-
sition is observed at Ca ∼ 10−3 in Fig. 4. Indeed, for
Ca smaller than the predicted value, the particles accu-
mulate in the meniscus and assemble into clusters. As
a result, the viscous drag force exerted on the cluster
becomes sufficient to overcome the capillary force that
keeps particles in the liquid bath at low capillary number
Ca. Thus, the entrainment of clusters can be observed at
smaller capillary number than predicted. Our estimate
for single particle entrainment provides an upper bound
for the domain of existence of the first regime, the liquid
only regime but the transition remains complex to derive
analytically, because of the complexity of the cluster as-
sembly. We should also emphasize that because of the
large size of the particles, no clusters are formed within
the bulk. Depending on the withdrawal velocity, clus-
ters can form either in the meniscus or in the liquid film
because of capillary attraction between particles. More
specifically, Colosqui et al. showed numerically in 2D
that, for Ca < 0.6Bo3/4, the clusters of particle assem-
ble in the meniscus, whereas for Ca > 0.6Bo3/4, the
particles are expected to assemble in the liquid film.[41]
4.2 From the (ii) heterogeneous films to
the (iii) the effective viscosity regime
We now consider transition (2) between the heteroge-
neous regime and the effective viscosity regime. For suf-
ficiently diluted suspension, we assume that the suspen-
sion film behaves like an equivalent fluid with an approx-
imate homogeneous coating thickness. As shown previ-
ously, the thickness of the liquid film is well defined by
the LLD law using the effective viscosity of the suspen-
sion. The effective viscosity regime, or bulk description,
can be assumed to apply when the coating film has a
thickness h greater than the particle diameter 2 a. This
condition is equivalent to h > 2 a, where h is obtained us-
ing the capillary number based on the effective viscosity
Caφ. We therefore have
Caφ > 3.1Bo
3/4. (6)
In this approach, we have neglected that particles can
deform the interface in the meniscus when the volume
fraction of the suspension is large. We therefore expect
that the threshold capillary number will be larger as more
particles accumulate in the meniscus. Indeed, Bonnoit
et al. have studied the flow of a dense suspension on
an incline, and report a deviation from the Newtonian
viscous behavior at small film thickness.[57] More specif-
ically, below a particular layer thickness, the viscosity is
no longer constant, and the measured viscosity decreases.
The cross-over thickness depends on the concentration of
the suspension and the size of the particles. Therefore, in
some situations, we expect the threshold capillary num-
ber to be slightly larger than our theoretical prediction.
However, since we consider semi-dilute suspensions with
a maximum volume fraction of φ = 41%, our estimate
should capture reasonably well the experimental results.
In the following paragraphs, we compare the threshold
condition in Eq. (6) with the experimental results ob-
tained varying the properties of the suspension.
4.3 Influence of the size of particles 2 a
We first characterize the influence of the particle size on
the average film thickness h on the plate. The experimen-
tal results are shown in Fig. 7, using the capillary num-
ber based on the effective viscosity of the suspension Caφ.
The solid line indicates the LLD law h = 0.94 ℓcCaφ
2/3.
The reported trends indicate that the transition be-
tween the heterogeneous film and the effective viscosity
regime depends on the diameter of the particles, for a
fixed volume fraction, φ = 41.6%, as expected according
to Eq. (6). The effective viscosity regime is observed for
a capillary number slightly larger than Caφ ∼ 10
−3 for
particles of diameter 20µm, which is in fairly good agree-
ment with the predicted value. In the inset of Fig. 7, we
report the measured value of the threshold capillary num-
ber Ca∗φ for the sizes of particles considered as well as our
theoretical prediction of the threshold, Ca∗φ ≃ 3.1Bo
3/4.
The experimental results compare well with our model
over the range of Bond numbers considered in this study.
Below Ca∗, the coating film is heterogeneous, and the
effective viscosity of the suspension is not sufficient to
describe the entrained layer.
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Figure 8: Average thickness of the coating layer h as a function of the capillary number Caφ based on the effective
viscosity of the suspension for varying size of particles dispersed in silicone oil AP 100 (a) 250µm, (b) 140µm and
(c) 40µm for a volume fraction φ = 10% (green diamonds), φ = 18% (red squares), and φ = 41% (blue circles).
The typical uncertainties on the thickness are shown in (a). The solid line shows the LLD law h = 0.94 ℓcCa
2/3,
the vertical dashed line and dash-dotted line show the theoretical prediction transition between the intermediate
and effective viscosity regimes and between the liquid only regime and the intermediate regime, respectively for the
different size of particles. The insets are pictures of the coated layer for a volume fraction of φ = 41%. Scale bars
are 1000µm.
4.4 Influence of the volume fraction of
the suspension φ
We then consider the influence of the volume fraction,
as illustrated in Fig. 8(a)-(c) for three sizes of parti-
cles, 250µm, 140µm and 40µm. We observe that the
transition to the effective viscosity regime does not seem
to depend significantly on the volume fraction φ of the
suspension in the range considered in this study. Indeed,
for the three sizes of particles, the experimental data col-
lapse well on a master curve corresponding to the LLD
law at a sufficiently large capillary number of the sus-
pension Caφ.
These results also show that the threshold capillary
number for the liquid film only regime is more challeng-
ing to predict, as emphasized earlier. Indeed, for a vol-
ume fraction φ = 41%, even at the lowest withdrawal
velocity U , the particles of diameter 2 a = 40µm are en-
trained in the film. There is no liquid only regime in
the range of velocity accessible with our experimental
setup. The formation of large clusters in the meniscus
leads to the entrainment of particles at smaller capillary
number than expected. At a smaller volume fraction,
φ = 18.6%, although we observe a regime where only the
fluid is entrained on the plate, the transition is shifted to
lower capillary numbers. The additional viscous forces
induced by the presence of a large number of particles
in the clusters thus lead to the formation of a heteroge-
neous coating on the plate at smaller capillary number
than expected. In summary, the transition (1) between
the liquid only and the heterogeneous film is highly de-
pendent on the particle size and the volume fraction of
the suspension.
5 Conclusion
In this paper, we investigate the entrainment of a film
of suspension on a plate withdrawn from a bath of non-
Brownian particles dispersed in a Newtonian liquid at
moderate volume fraction and without evaporation. For
the Newtonian liquid only, the experimental results are
captured by the classic LLD law, h = 0.94 ℓcCa
2/3. We
show that the addition of particles to the fluid modifies
this behavior.
Depending on the particle size and the volume frac-
tion of the suspension, three regimes are observed. At
low capillary number, i.e., small withdrawal velocity, we
observe that only the liquid coats the plate if the sus-
pension is sufficiently diluted. At large number capillary,
i.e., high withdrawal velocity, we observe several layers
of particles coating the plate. In this regime, the average
thickness of the liquid film can be described by the LLD
law accounting for the effective viscosity of the suspen-
sion η(φ) through the capillary number Caφ = η(φ)U/γ.
Between these two regimes, a more complex regime is
observed where the particles are entrained and form a
highly heterogeneous coating. In this complex regime,
particles tend to assemble into clusters.
We rationalize our experimental observations with the-
oretical predictions. The models provide a first estimate
of the capillary numbers corresponding to the transitions
between the regimes. These transitions depend both on
the size of the particle and the volume fraction. The
thickness of the liquid film follows the LLD scaling in
both the liquid only regime (low capillary number) and
in the effective viscosity regime (large capillary number).
A better characterization of the single particle entrain-
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ment in the vicinity of the meniscus could help to refine
the threshold values of the capillary number but requires
future work. In the heterogeneous regime, the structure
of the deposited layer is complex. Ongoing work aims
at describing the density of particle entrained, the clus-
ters size and the thickness of the liquid film between the
particles to better understand the physical mechanisms
that control the properties of the heterogeneous coat-
ing. Nevertheless, our results provide an estimate of the
operating parameters to obtain a homogeneous surface
coating for a suspension of non-Brownian particles at in-
termediate volume fraction. Such homogeneous coating
could be especially important in material science to pro-
vide a uniform surface property of the substrate. Our
results also illustrate that a film of suspension can either
be modeled with a continuum approach through an effec-
tive viscosity or with a particle-scale model accounting
for the local capillary effects. The appropriate approach
depends on the length scale of the liquid film compared
to the diameter of the particles and the volume fraction
of the suspension.
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